Networks are powerful data structures, but are challenging to work with for conventional machine learning methods. Network Embedding (NE) methods attempt to resolve this by learning vector representations for the nodes, for subsequent use in downstream machine learning tasks.
Introduction
Network embeddings (NEs) have exploded in popularity in both the machine learning and data mining communities. By mapping a network's nodes into a vector space, NEs enable the application of a variety of machine learning methods on networks for important tasks such as link prediction (LP): the task to predict whether nodes are likely to be(come) connected in incomplete or evolving networks. LP has wide-ranging applications, for friendship recommendations, recommender systems, knowledge graph completion, etc. While there are numerous conventional LP methods that predict links based on heuristic statistics computed over networks (e.g., based on the number of common neigh- . In Zachary's karate club network, we explain the predicted link between i = 33 and j = 24. The colored nodes with dashed or dotted edges are the neighbors of node 33. According to ExplaiNE, the links to the orange nodes with dotted edge have a positive effect on the probability of link {i, j} to exist, while the effect of the links to blue nodes with dashed edge is negative.
links. We then reduce its scope to explanations of the type used in the example above (i.e., only incident links), and make an approximation (which we justify empirically), in order to obtain a still generic but highly scalable approach.
Next we apply ExplaiNE to Conditional Network Embedding (CNE; Kang et al., 2019) , a recent state-of-the-art NE method. The application of ExplaiNE to CNE is particularly transparent, thanks to the mathematical elegance of the CNE model and its straightforward use in LP, requiring no training once the embedding is found. We also outline how ExplaiNE can be applied to NE methods based on skip gram with negative sampling-based such as LINE (Tang et al., 2015b) , DeepWalk (Perozzi et al., 2014) , PTE (Tang et al., 2015a) , and node2vec (Grover & Leskovec, 2016) .
Contributions. The main contributions are:
• ExplaiNE, a mathematically principled counterfactual reasoning approach for explaining link predictions based on network embeddings (Sec. 2.2).
• A scalable tight approximation of ExplaiNE (Sec. 2.3).
• A detailed application of ExplaiNE to CNE (Sec. 
Methods
To introduce ExplaiNE in full generality, we first provide a simple but generic description of NE-based link prediction methods in Section 2.1. We then formalize ExplaiNE in a generic manner in Section 2.2, before describing a scalable approximation in Section 2.3. In Section 2.4 we develop ExplaiNE in detail for CNE. In Section 2.5 we outline how ExplaiNE can also be applied to other popular NE methods.
But before all that, we first introduce some notation.
An undirected network is denoted G = (V, E) where V is a set of n = |V | nodes and E ⊆ V 2 is the set of links (also known as edges). A link is denoted by an unordered node pair {i, j} ∈ E. Let A denote the adjacency matrix, with element a ij = 1 for {i, j} ∈ E and a ij = 0 otherwise. The symbolÂ will be used to denote the adjacency matrix of a particular observed network. NE methods find a mapping f : V → R d from nodes to d-dimensional real vectors. An embedding is denoted as X = (x 1 , x 2 , . . . , x n ) ∈ R n×d , with X * denoting an optimal embedding for adjacency matrix A (suppressing the dependency of X on A for conciseness-see below), and similarlyX * optimal forÂ.
Network Embedding-based Link Predictions
All well-known NE methods aim to find an embedding X * for given graph G (with adjacency matrix A) that maximizes a continuously differentiable 2 objective function L(A, X) for the given adjacency matrix A. Thus X * must satisfy the following necessary condition for optimality:
Defining F (A, X) ∇ X L(A, X), the optimal embedding X * is thus a solution to F (A, X * ) = 0.
Based on an embedding X, it is common to predict the existence of a link between any pair of nodes i and j by computing a link probability (or other score) g ij (X), using a differentiable function g ij : R nd → R. In practice, g ij often only depends on the embeddings x i and x j of i and j, and often it can be written as g ij (X) = g(x i , x j ) for some function g :
It is often found by training a classifier (e.g., logistic regression) on a set of known linked and unlinked node pairs (see Sec. 2.5), but sometimes it follows directly from the NE model (e.g., for CNE).
We also introduce the function g * ij : R n×n → R defined as g
ExplaiNE as a generic approach
ExplaiNE uses a counterfactual reasoning approach to explain link predictions based on a NE. Namely, it quantifies the change of the link probability (or other score) of a node pair {i, j} if the presence of a link between a given pair of nodes {k, l} were to be altered. Consider first the situation where {k, l} ∈ E. Then, if removing the link between them strongly decreases the probability of a link between i and j, the link {k, l} is a good counterfactual explanation of this predicted link. Conversely, consider the situation where {k, l} ∈ E. Then, if adding a link between them strongly decreases the probability of a link between i and j, it is the absence of a link between k and l that is a good counterfactual explanation of this predicted link.
Intuitively, adding or removing an existing link will alter the probability of a link between i and j because it will alter the optimal embedding, which in turn will change the link probability of the target pair. For the ExplaiNE strategy to be effective, we must be able to compute and combine these two effects in an efficient manner.
A naive approach would be to recompute the embedding with a link added or removed, and to quantify how much this changes the probability of a link between i and j. However, recomputing the embedding is computationally demanding, and is practically impossible to do even for a moderate number of pairs {k, l}. Moreover, even adding or removing a single link can dramatically change the optimization landscape. As there are potentially many local optima, this can change the optimal embedding entirely (even if initialized with the original embedding), making a change in link probability erratic and hard to interpret.
Instead, ExplaiNE investigates the effect of an infinitesimal change to a kl around its observed valueâ kl , on the link probability as computed by g * ij . Specifically, ExplaiNE seeks explanations as node-pairs {k, l} (k = l and {k, l} = {i, j}) for which ∂g * ij ∂a kl (Â) is large in absolute value, with a positive sign ifâ kl = 1 (as then decreasing a kl down from a kl = 1 by a small amount would maximally decrease g * ij ), and with a negative sign ifâ kl = 0 (as then increasing a kl up fromâ kl = 0 by a small amount would maximally decrease g * ij ). This can be done analytically. Indeed, applying the chain rule:
For many NE methods the first factor can be computed analytically from the expression for g ij , as we will see in the next subsections. The second factor can be computed using the implicit function theorem (see, e.g., Chiang, 1984) . Rephrased for our specific setting, this theorem states (note that we are overloading the symbol X * here to also signify a function):
Theorem 1 (Implicit function theorem). Let F : R n×n × R n×d → R n×d be a continuously differentiable function with arguments denoted A ∈ R n×n and X ∈ R n×d . Moreover, letÂ andX * be such that F (Â,X * ) = 0. If the Jacobian matrix ∇ X F (Â,X * ) is invertible, then there exists an open set S ⊂ R n×n withÂ ∈ S such that there exists a continuously differentiable function X * : S → R n×d with:
and:
It is the latter expression, evaluated atÂ, that we need in in order to evaluate Eq. (2). Note that the Jacobian ∇ X F is in fact the Hessian of L with respect to X. This means that ∇ X F (Â,X * ) is negative definite (asX * is optimal forÂ). While for some NE-methods it may not be strictly negative definite and thus not invertible as required by the theorem (because, e.g., any translation ofX * may be equally optimal according to L), this situation can be avoided by adding a regularizer to L on, e.g., the Frobenius norm ofX * with very small weight. Without going into detail, we note that as this regularization constant approaches zero, this becomes equivalent with using the pseudo-inverse of the Hessian, instead of its inverse. This is the approach we have taken whenever this situation arose. Denoting this Hessian evaluated atÂ andX * as H, can thus write:
Putting Eqs. (2) and (3) together, we now can compute the derivative of g * ij with respect to a kl as follows:
For efficiency, one can compute the partial derivatives for a given predicted link {i, j} and for all pairs {k, l} by precomputing the vector ∇ X g ij X * T · H −1 by solving a linear system with nd variables and equations, and right multiplying it with the vectors ∂F ∂a kl (Â,X * ) which depend on k and l. Unfortunately, the computational cost of solving this linear system is O ((nd) 3 ) in practice, limiting scalability both in network size and dimensionality. Thus, while this is a clear improvement over the naive approach, it is still not sufficient for realistic network sizes. The next subsection describes how to make ExplaiNE tractable also for large networks and dimensionalities.
Making ExplaiNE scalable
First, we choose to focus on explanations in terms of linked pairs {k, l}, rather than in terms of unlinked pairs. Such positive explanations are arguably more insightful than negative ones, and especially in sparse networks. Second, experiments (see supplement Sec. 4.1) show that the best explanation for a predicted link {i, j} for a node i, tends to be a link {k, l} that is incident to node i, i.e., for which l = i. This is arguably because links adjacent to node i affect the link probability g * ij (Â) by directly affecting the embedding x * i , whereas links not incident to i are likely to have a secondary effect only. Besides this, we also believe that nodes incident to i are likely to be more meaningful from node i's perspective than other links, in practical applications. Thus, we can restrict ourselves to seeking an explanation for a predicted link from node i to node j in terms of an existing link {i, k} for which
(Â) is large and positive.
Third, we consider only NE methods where g ij (X * ) only depends on x * i and x * j .
3 Thus, Eq. (2) can be written as:
Finally, we make an approximation inspired by the fact that changing a ik will have a direct effect on the optimal embeddings x * i and x * k , but only indirectly (and thus typically less so) on the embedding of the other nodes-including on x * j . This means that the second term in Eq. (5) can be neglected.
What remains to be computed is thus
To do so, we consider the optimality condition of the embedding w.r.t. x * i alone, considering all other node embeddings fixed to their optimal embeddings inX * for the observedÂ. LettingX * (i) denote the set ofx l with l = i, this optimality condition can be written as:
Optimality ofx * i given the observed networkÂ then requires thatF i (Â,x * i ) = 0. We can now use the implicit function theorem on this optimality condition to approximate ∂x * i ∂a ik as:
Here, H i = ∇ xiFi (Â,x * i ) is the Jacobian ofF i or equivalently the Hessian of L w.r.t. x i , evaluated at (Â,X * ).
Putting Eqs. (6) and (5) (neglecting the second term as discussed) together, this yields:
Comparing Eq. (4) with Eq. (7) reveals the dramatic complexity reduction achieved: Inverting H i ∈ R d×d has a practical complexity of only O(d 3 ), which is entirely feasible given common dimensionalities used in the literature (often 128). The experiments will validate that the approximations made are entirely justified in practice.
ExplaiNE for Conditional Network Embedding
We now apply the generic ExplaiNE approach to Conditional Network Embedding (CNE), a specific NE method. Detailed derivations are deferred to the supplement Sec. 1.
CNE proposes a probability distribution for the network conditional on the embedding, and finds the optimal embedding by maximum likelihood estimation. Specifically, the objective function L in CNE is the log-probability of the network conditioned on the embedding:
Here, the link probabilities P ij conditioned on the embedding are defined as follows:
where N +,σ denotes a half-Normal distribution (Leone et al., 1961) with spread parameter σ, σ 2 > σ 1 = 1, and where PÂ ,ij is a prior probability for a link to exist between nodes i and j as inferred from the degrees of the nodes (or based on other information about the structure of the network)-see, e.g., Adriaens et al. (2017); van Leeuwen et al. (2016) .
CNE, being based on a probabilistic model for the graph conditioned on the embedding, naturally allows for LP using the probabilities P ij (â ij = 1|X). In other words, g ij (X) = P ij (a ij = 1|X) as shown in Eq. (8). Note that it depends on x i and x j alone, as required for the approximate version of ExplaiNE to be applicable (third assumption).
Next we show how to apply approximated ExplaiNE to CNE. 4 First, we derive the optimality condition:
* ) (the probability of a link between i and j given the optimal embeddingX * forÂ), we can now derive the three factors in Eq. (7):
This means:
Note that the Hessian should be invertible and negative definite, ifx * i is indeed a local maximum. Interestingly, this expression has an intuitive interpretation: without the inverted Hessian, it would be an inner product between the distance of x * i to the embeddings of both nodes x * j and x * k , indicating that the best explanation is located as far as possible in the direction of x * j as seen from x * i . Yet, the Hessian modulates the metric and reduces the explanatory power in directions where there are lots of embedded nodes l for whichP * il (1 −P * il ) is large, i.e., for which the model is undecided whether there should be a link.
ExplaiNE for other NE methods
Here we illustrate the generic applicability of ExplaiNE by outlining the steps of applying it to NE methods based on skip gram with negative sampling (SGNS) (e.g., LINE, PTE, DeepWalk, node2vec). In Sec. 3 of the supplement, we derive a concrete example for LINE (Tang et al., 2015b) .
In those methods, g i,j (X) = g(x i , x j ), where g σ • h with σ : R d → R a linear classifier (often logistic regression) applied to edge embeddings, whereby the embedding h(x i , x j ) of an edge {i, j} is computed by applying an edge embedding operator h :
g., element-wise product) to the embeddings of the nodes at its end-points. Levy & Goldberg (2014) and Qiu et al. (2018) found that SGNS-based NE methods all share the same objective:
where x i is the target embedding of node i, y i is the embedding of node j as context (usually discarded, node2vec does not differentiate target and context), σ(·) is a sigmoid function, P N is known as the noise that generates negative samples, and b is the number of negative samples. Moreover, Qiu et al. (2018) showed that L often has a closed form representation (or converges to one in probability).This makes it possible to obtain an analytical expression of the NE optimality condition, and thus of the function F (A, X). Given this, both exact and approximated ExplaiNE can be derived.
Experiments
We investigated the following questions: Q1 How does the approximation compare to the exact version? Q2 Does ExplaiNE give sensible explanations? Q3 Does the proposed method scale?
All experiments are based on CNE with parameters σ 1 = 1, σ 2 = 2. Any weights associated to the links in the networks are ignored. We used the following networks.
Game of Thrones' (GoT) network.
6 Consisting of 796 characters (nodes) and 2823 links between characters that are mentioned within 15 words of one another in books 1-5. We used a 2-dimensional embedding of this network to assess the quality of the approximated ExplaiNE approach.
DBLP co-authorship network (Tang et al., 2008).
7 Containing papers published up to year 2017, from which we selected all papers published at ICML, NeurIPS, ICLR, JMLR, MLJ, KDD, ECML-PKDD, and DMKD. This results in 23,359 authors (nodes) and 20,545 papers, converted into 66,597 links between authors who co-authored at least one paper. We conducted both qualitative and quantitative evaluations on a 32-dimensional embedding of this network.
MovieLens dataset (Harper & Konstan, 2016 ).
8 Containing 100,000 ratings by 943 users on 1,682 movies. The network is thus bipartite and consists of 943+1,682 nodes and 100,000 edges. The dataset also contains metadata such as title and genre, which we have used as external validation sources. We conducted qualitative and quantitative experiments on a 16-dimensional embedding of this network.
In Sec. 3.1 we analyze the quality of the approximation. In Sec. 3.2, we conduct a qualitative analysis of explanations on the DBLP and MovieLens networks. In Sec. 3.3 we quantitatively analyze the quality of the explanations. Finally, in Sec. 3.4 we consider the scalability of ExplaiNE.
Quality of the ExplaiNE approximation
Before applying approximated ExplaiNE to real world dataset, we first evaluate the quality of the approximation (Q1). We will assess the extent to which the top K explanations for a predicted link {i, j} incident to a given node i, as given by approximated ExplaiNE, overlap with the top-K explanations given by exact ExplaiNE. Relevant parameters here are (1) the value of K and (2) the number of neighbors. As we consider only links to neighbors as candidate explanations, K must be smaller than the number of neighbors of i. Moreover, if the number of neighbors is not much larger than K, a substantial overlap in the top-K explanations of the exact and approximate method is not surprising. Indeed, if i has m neighbors, two random subset of K neighbors would share l elements with probability
which is large for large l if m is not much larger than K.
Thus, we performed a stratified analysis, computing the size of the overlap of the top-K explanations, aggregated in a histogram over nodes with a specific degree. We did this on the GoT dataset for K from 1 to 5 This experiment revealed that the top-1 is always identical between the approximated and exact versions, while the elements further in the ranked list very rarely swapped positions (2 to 3 differences out of 796 on ranks 2,3,4, and 7 differences out of 796 for rank 5, see supplement Sec. 4.2).
In the supplement Sec. 4.3 we also compared the complete ranking of the neighbors between the approximated and exact ExplaiNE versions, and this for the most probable link for every node (i.e., seeking explanations for links that are actually present in the network). We computed the normalized Kendall tau distance 9 between the ranked explanations given by approximated and exact ExplaiNE. The average normalized Kendall tau distance is 0.05 ± 0.08. For comparison, the average Kendall tau distance between a random ranking and exact ExplaiNE is 0.51 ± 0.15. Now confident in its accuracy, we can now evaluate the behavior of approximated ExplaiNE on two realistic networks. 
Qualitative evaluation
Here we apply ExplaiNE to explain the predicted links in two real world networks (the DBLP co-authorship and the MovieLens rating networks) to assess whether ExplaiNE gives sensible explanations to the predicted links (Q2).
DBLP network. In the co-authorship network, a predicted link between authors i and j suggests a collaboration between them. While ExplaiNE uses no external information to provide its explanations for such suggested collaborations, our experiments indicate that such explanations tend to be existing collaborators working on a topic on which the suggested collaborator is active as well. As an example, we predict links for ICML'19 general chair Eric P. Xing (node i), and compute the explanations for his top recommendation (node j): Adams Wei Yu. It turns out that the existing co-authors of Eric P. Xing identified by ExplaiNE as top-5 explanations for this recommendation (see Table 1 ) are either colleagues or co-authors of Adams Wei Yu, with a shared interest in large scale optimization and deep learning.
MovieLens network. In the rating network, a predicted link between a user i and movie j amounts to a recommendation of movie j to user i. In making this recommendation CNE did not have access to any meta-data of the users or movies, and neither does ExplaiNE to identify explanations. Yet, we can make use of this meta-data to qualitatively assess whether the explanations make sense. As an example, we computed the recommendation for the first user (uid=0) in the user list (See Table. 2). The top recommended movie is 'Batman' with genre tags 'Action', 'Adventure', 'Crime', and 'Drama'. The genres of the top explanations given by ExplainNE arguably have strongly overlapping genre tags (e.g., all top-5 are tagged with 'Action'). Moreover, the second-highest ranked explanation is 'Batman Forever'.
More case studies are given in the supplement Sec. 5. These results suggest that ExplaiNE gives sensible explanations. The next subsection aims to quantify these findings. 
Quantitative evaluation
Objectively evaluating the quality of an explanation is conceptually non-trivial, due to a lack of datasets with groundtruth explanations for LP. Yet, as we show in this section, it is possible to use metadata to derive reasonable ground truth explanations, and compare with those.
DBLP network. Here, we can construct ground truth explanations for existing links (as opposed to predicted ones). While this is not the intended use case of ExplaiNE, it is perfectly legitimate and justified here given our intention to objectively validate the quality of the explanations. Our approach is based on the intuition that a one-time co-author j of a given author i could have been introduced to that author i by another co-author k on the same paper, thus explaining the link {i, j}. While this will of course not always be true, we postulate that it is sufficiently common for ExplaiNE-providing it works well-to highlight the other co-authors as explanations for the observed link {i, j}.
Given an author i and a one-time co-author j of i, we used ExplaiNE to rank the other co-authors of i, from more to less explanatory (according to Eq. 7). We then took the top-r of this ranked list as predicted co-authors on the paper i co-authored with j. Based on this, we created a confusion matrix. Clearly, the hardness of this prediction task is different for papers with different numbers of authors. Thus, in order to get a more aggregate assessment, we summed the top-r confusion matrices for all one-time co-authors of node i on papers with a given number of co-authors L, and this for different L between 3 and 5. For a given author-list length, the confusion matrices with different r were then used to create precision-recall curves or ROC curves. Figure 2 shows the ROC curves for Eric P. Xing as node i and three author-list lengths. For comparison, also ROC curves computed based on a randomly ranked list is shown (as the size of the data is rather small, these are not always close to the diagonal). ROC curves for other nodes i as well as Precision-Recall curves can be found in the supplement. All results indicate that the explanations are remarkably effective at this task, indicating that ExplaiNE performs well.
MovieLens network. A good explanation k of a predicted link between a movie-user pair {i, j} should arguably have a similar list of genres as j. To test this, we computed the top-5 explanations for user i and her top recommended movie j. Then we averaged the Jaccard similarity between the set of genres for movie j and the set of genres of each of the 5 explanations. To assess the significance of this average, we computed an empirical p-value for it by randomly sampling 50 sets of 5 'explanations' drawn from the watched movies of i, resulting in 50 random average Jaccard similarities to compare with the one obtained by ExplaiNE. Thus we obtained an empirical p-value for each user i, indicating the significance of the overlap between the set of genres of the recommended movie j and the top-5 explanations.
A histogram of these p-values is shown in Fig. 3 . While p-values are uniformly distributed under the null hypothesis that the explanations have genres unrelated to those of j, here this is not the case-indicating the null hypothesis is false. A Kolmogorov-Smirnoff test indeed shows an extremely high significance (p-value numerically 0).
Scalability and runtime
To address Q3, we measured the runtime of exact and approximated ExplaiNE when computing ∂g * ij ∂a ik (Â) for all k ∈ {i, j}, as per Eqs. (4) and (7), on average over random pairs of nodes {i, j}. The runtime was measured on a PC with quad-core 2.7GHz Intel Core i5 and 16GB 1600MHz DDR3 RAM. Table 3, shows that approximated ExplaiNE is efficient and applicable to large networks with higher dimensionality, while exact ExplaiNE is not.
Related Work
LP, as an important network analysis task, has recently been extensively studied in the NE literature (Hamilton et al., 2017; Cui et al., 2018) . By embedding the nodes in a vector space, the link prediction task can be addressed using traditional machine learning (ML) methods. This has led to new and accurate approaches for LP (Grover & Leskovec, 2016; Kang et al., 2019) , but at the expense of explainability.
In parallel, the importance of accountability of AI has sparked growing research interest in interpretable ML. Approaches to interpretable machine learning research can be categorized into model-based and post-hoc approaches (Du et al., 2018; Murdoch et al., 2019) . The first category focuses on incorporating interpretability (e.g., sparsity) while constructing the ML model. ExplaiNE belongs to the second category of interpretable ML methods: it is a post-hoc method that focuses on interpreting the local structure of ML models (here, NE models). The most strongly related work (although not for LP) are Ribeiro et al. (2016) and Lundberg & Lee (2017) , who provide a model-agnostic explanation via local approximation of the target model. More closely related, Simonyan et al. (2013) and Koh & Liang (2017) propose to compute the gradient of the loss function of a (black-box) model with respect to the input to gauge the relevance of the input features. The first of these computes the gradient using back-propagation, while the second approximates the gradient using a Taylor series expansion.
ExplaiNE is the first generic approach (and, as far as we know, the first approach at all) for explaining link predictions based on a NE. Moreover, to the best of our knowledge, ExplaiNE is the first method that uses the implicit function theorem for explainability. This proved to be a crucial element for computing the gradient of the link probability w.r.t. the network structure, as it allowed us to rigorously track the optimal embedding given an infinitesimal change in the input network. We believe this theorem can prove valuable also for other tasks, particularly those where an intermediate representation is obtained by optimizing an unsupervised objective function (e.g., an autoencoder), to be fed into a subsequent model that is trained in a supervised manner.
Conclusions
Link Prediction (LP) in networks is an important task, with applications to social networks, recommenders, and knowledge graphs. State-of-the-art approaches are based on first embedding the nodes in a vector space, followed by a LP step. Unfortunately, while accurate, these approaches offer no insight in their predictions. To remedy this, we introduced ExplaiNE, a generic approach to explain LPs based on Network Embeddings (NEs) in terms of existing links in the network. ExplaiNE is applicable for a wide range of NE methods. We applied it to CNE, a state-of-the-art NE method, and outlined how it can be applied for a wide range of other NE methods. Extensive qualitative and quantitative evaluations show the usefulness of ExplaiNE, and its ability to scale to large networks.
In the future we aim to develop ExplaiNE for other NE methods, apply it to recommender systems, and extend it to offer explanations in terms of the presence of dense communities or other larger substructures in the network. Supplementary materials for ExplaiNE
Approximated ExplaiNE for Conditional Network Embedding
We now apply approximated ExplaiNE approach to Conditional Network Embedding. Our goal is to compute gradient of predicted link probability g * ij with respect to the change of link a ik (main paper Eq.7), namely:
In order to compute the derivative, we first drive the optimality conditions for CNE. Recall the objective function L in CNE is log-probability:
where the link probabilities conditioned on the embedding are defined as:
where N +,σ denotes a half-Normal distribution (Leone et al., 1961) with spread parameter σ, where σ 2 > σ 1 = 1, and where PÂ ,ij is a prior probability for a link to exist between nodes i and j as inferred from the degrees of the nodes (or based on other types of information about the structure of the network), derived as explained in Adriaens et al. (2017); van Leeuwen et al. (2016) .
, andP * ij g * ij (Â) = P (a ij = 1|X * ) (the probability of a link between i and j given the optimal embeddingX * forÂ), we can now derive the three terms in Eq. 1.
First term.. First term is derived by taking the gradient of predicted link probability g ij X * with respect to x i :
Second term. The Hessian H i the gradient ofF i (Â,x * i ) w.r.t. x * i . Recall the optimality condition: The optimality condition in approximated ExplaiNE can be derived as:
Based on this condition we derive the Hessian:
The last line follows similar derivation of Eq. 2.
Third term. Now compute the gradient with respect to a ik from optimality condition (Eq. 3):
Putting things together, we have
Exact ExplaiNE for Conditional Network Embedding
We now apply exact ExplaiNE approach to Conditional Network Embedding (CNE). Our goal is to compute the change (i.e., gradient) of link probability of a node paire {i, j} with respect to node-pairs {k, l} (k = l and {k, l} = {i, j}), i.e., the explanations. Applying the chain rule and implicit function theorem, the exact ExplaiNE computes this gradient as (main paper Eq.4):
Now let's derive each term in Eq. 7 for CNE.
First term. Because in CNE the link function g * ij (Â) only depends on x i and x j , the gradient ∇ X g ij X * is a nd × 1 vector with 2d non-zero entries. Formally:
. . .
where
and
Second term. We drive the Hessian H (nd × nd) as:
Third term. Finally, we can compute derivative ∂F ∂a kl (Â,X * ) (nd × 1) as:
Putting all together, we have gradient of link probability g * ij (Â) with respect to a link a kl :
Approximated ExplaiNE for LINE
LINE (Tang et al., 2015b) computes embeddings that approximate both 1st and 2nd order proximity. The model consists of two objective functions. The first one measures the distance (KL) between the model and empirical distribution of the 1st proximity measure. Similarly the second objective function measures the distance (KL) between the model and empirical distribution of the 2nd proximity measure. Optimizing over the objective functions thus gives two embeddings for an input word, one for each type of proximities. Then the embeddings are simply concatenated and used as the final node embedding. Usually the context embedding in the 2nd proximity approximation are not used in the practice, similar to the situation in the language modeling (e.g., skip-gram with negative sampling a.k.a SGNS).
Similar to CNE, we assume the given network is unweighted, undirected. Explaining the first order proximity embedding (LINE 1st) is simple, thus our derivation assumes the link prediction is based solely on the LINE 2nd embedding, adopt the reasoning in the works (Levy & Goldberg, 2014; Qiu et al., 2018) . For LINE 2nd, the probability of encountering "context" node v j given node v i is defined as,
k exp(x i y k ) where x i denotes the embedding of a target node i and y j denotes the embedding of context node j.
Then the 2nd proximity objective reads:
where d i = j a ij weights the importance of i-th node, and empirical distributionp(·|v i ) is defined asp(v j |v i ) = aij di . Carrying out the KL-divergence, the objective function can be further expressed as:
Because the normalization factor of the distribution is computationally expensive, the objective function is approximated using negative sampling (Mikolov et al., 2013) :
where b is the number of negative samples, g(z) is the sigmoid function. The expectation term can be expressed as
Then the objective function of LINE (2nd) can be expressed as:
we can compute the gradient of L with respect to x i as:
Equating the gradient to zero we have implicit function given by optimal embedding x * i and y * j :
Our goal is to explain the predicted link probability g * ij with respect the change of an edgeâ kl . Assume the function function g to be the logistic regression classifier (with parameter w and b) trained on edge embedding that combines two node embedding using Hadamard operator (i.e., element wise product denoted as x * i • x * j ) (Grover & Leskovec, 2016) :
Our goal is compute gradient:
First term in the derivative:
Second term in the derivative:
The third term reads:
More General, the loss function based on term
is applicable for all skip gram with negative sampling (SGNS) model based methods (LINE, PTE, DeepWalk, node2vec) (Levy & Goldberg, 2014; Qiu et al., 2018) . Based on different sampling strategy,
#(w,c) #w
#c |C| becomes different functions ofâ i j. For example, in LINE this is ratio
. PTE is similar to but extended to multiple networks. In DeepWalk and node2vec, this expression converges probabilistically to entries of function of random walk matrix P = D −1 A. So in theory, the idea of ExplaiNE can be extended to all SGNS based methods.
Quality of the ExplaiNE approximation
In this section we describe the detailed evaluation about the quality of the ExplaiNE approximation. The results are obtained on GoT network with embedding dimensionality 2. . Gradient values of (top) predicted link probability of 100 randomly sampled nodes with respect to incident nodes (blue bars) versus non-incident nodes (orange bars). The gradient values of non-incident node pairs (on average −2.13e−7 ± 6.96e−5)are mush smaller than the gradient values of the incident node pairs (on average 0.005 ± 0.02). This validates our assumption that the derivative of the predicted link probability is higher w.r.t incident node pairs {i, k} than w.r.t non-incident node pairs {k, l}..
Our first goal is to validate the assumption (main paper Sec.2.3) that the derivative of the predicted link probability is higher w.r.t incident node pairs {i, k} than w.r.t non-incident node pairs {k, l}. We randomly sampled 100 nodes, for each node i we compute (using exact ExplaiNE) the gradient of the link probability of i's top predicted link {i, j} with respect to i s incident pairs {i, k}. These values summarized in the histogram (Fig.4) with blue bars. As comparison, we also compute (using exact ExplaiNE) for each node i the gradient of predicted probability of link {i, j} with respect to a random sample (same number as i's incident nodes) of non-incident pairs {k, l} (k = l and {k, l} = {i, j}). These values are also summarized in the histogram (Fig.4) with orange bars. The plot shows the gradient values of non-incident node pairs (on average −2.13e−7 ± 6.96e−5)are mush smaller than the gradient values of the incident node pairs (on average 0.005 ± 0.02). This validates our assumption.
Evaluate ExplaiNE approximation on predicted links
In this section, we assess the extent to which the top K explanations for a predicted link {i, j} incident to a given node i, as given by approximated ExplaiNE, overlap with the top-K explanations given by exact ExplaiNE.
The relevant parameters here are (1) the value of K and (2) the number of neighbors. As we consider only links to neighbors as candidate explanations, K must be smaller than the number of neighbors. Moreover, if the number of neighbors is not much larger than K, a substantial overlap in the top-K explanations of the exact and approximate method is not surprising.
Indeed, if i has m neighbors, two random subset of K neighbors would share l elements with probability (
, which is large for large l if m is not much larger than K. Thus, we performed a stratified analysis, computing the size of the overlap of the top-K explanations, aggregated in a histogram over nodes with a specific degree. We plot the histogram for K = 3 degrees up to 10 (668 out of 796 nodes have smaller or equal degrees) (Fig. 5 ) and for K = 5 degrees up to 12 (691 out of 796 nodes have smaller or equal degrees) (Fig. 6 ). Both histogram revealed that the top-K explanations given by approximated ExplaiNE in almost all cases completely overlaps with the explanation given by exact ExplaiNE.
For completeness, we counted the cases of perfect overlapping up to the largest node degree 122 for K = 1, . . . , 5, summarized in Table. 4. The result agains shows the almost perfect overlapping between the explanations given by approximated ExplainNE and exact ExplainNE. Note for larger neighborhood size, the more probable the top explanations contains more noise, thus the top ranked explanations have lower similarities (e.g. in K = 5 case) with the exact version. Table 4 . Number of perfect overlapping between the explanations given by approximated ExplainNE and exact ExplainNE. Count up to the largest node degree 122 for K = 1, . . . , 5.
Number of perfect overlaps out of 796 cases 796 794 793 794 789
Evaluate ExplaiNE approximation on existing links
Although the top-K explanation are arguably more relevant than the tail of the ranking, for completeness we also compared the total ranking of the neighbors between the approximated and exact ExplaiNE versions, and this for the top predicted link as well as for all existing links (i.e. seeking explanations for links that are actually present in the network). More specifically, for each node's top existing link (according to the link probability) we computed the normalized Kendall tau distance between the ranked explanation given by approximated ExplaiNE and exact ExplaiNE. We compared this with the normalized Kendall tau distance measured between a random ranking and the ranking given by exact ExplaiNE (See Fig. 7) .The average normalized Kendall tau distance between explanations given by approximated and exact ExplaiNE is 0.008 ± 0.04 and, for comparison, the average between a random ranking and exact ExplaiNE is 0.49 ± 0.29. These results again confirm the accuracy (here, in terms of ranking distance) of approximated ExplaiNE well approximates exact version.
5. Qualitative study DBLP network. In the co-authorship network, a predicted link between authors i and j suggests a collaboration between them. While ExplaiNE uses no external information to provide its explanations for such suggested collaborations, our experiments indicate that such explanations tend to be existing collaborators working on a topic on which the suggested collaborator is active as well.
As first example, we predict links for ICML'19 general chair Eric P. Xing (node i), and compute the explanations for his top recommendation (node j): Adams Wei Yu. It turns out that the existing co-authors of Eric P. Xing identified by ExplaiNE as top-5 explanations for this recommendation (see Table 5 ) are either colleagues or coauthors of Adams Wei Yu, with a shared interest in large scale optimization and deep learning.
As second example, we predict links for ICML'19 program chair Kamalika Chaudhuri (node i), and compute the explanations for his top recommendation (node j): Matus Telgarsky. It turns out that the existing co-authors of Kamalika Chaudhuri identified by ExplaiNE as top-5 explanations for this recommendation (see Table 6 ) are coauthors, advisors, or colleagues of Matus Telgarsky, with a shared interest in deep learning. For each node's top existing link (according to the link probability) we computed the normalized Kendall tau distance between the ranked explanation given by approximated ExplaiNE and exact ExplaiNE. We compared this with the normalized Kendall tau distance measured between a random ranking and the ranking given by exact ExplaiNE. The average normalized Kendall tau distance between explanations given by approximated and exact ExplaiNE is 0.008 ± 0.04 and, for comparison, the average between a random ranking and exact ExplaiNE is 0.49 ± 0.29. This again confirms the accuracy (here, in terms of ranking distance) of approximated ExplaiNE well approximates exact version. As thrid example, we predict links for ICML'19 program chair Ruslan Salakhutdinov (node i), and compute the explanations for his top recommendation (node j): Rich Zemel. It turns out that the existing co-authors of Ruslan Salakhutdinov identified by ExplaiNE as top-5 explanations for this recommendation (see Table 7 ) are students, coauthors, or colleagues of Rich Zemel, with a shared interest in deep learning. As fourth example, we predict links for Prof. Yann LeCun (node i), and compute the explanations for his top recommendation (node j): Tomas Mikolov. It turns out that the existing co-authors of Yann LeCun identified by ExplaiNE as top-5 explanations for this recommendation (see Table 8 ) are either colleagues or coauthors of Tomas Mikolov, with a shared interest in deep learning. As fifth example, we predict links for Prof. Michael I. Jordan (node i), and compute the explanations for his top recommendation (node j): Christos Faloutsos. It turns out that the existing co-authors of Michael I. Jordan identified by ExplaiNE as top-5 explanations for this recommendation (see Table 9 ) are either colleagues or coauthors of Christos Faloutsos, with a shared interest mainly in data mining and database systems. MovieLens network. In the rating network, a predicted link between a user i and movie j amounts to a recommendation of movie j to user i. In making this recommendation CNE did not have access to any meta-data of the users or movies, and neither does ExplaiNE to identify explanations. Yet, we can make use of this meta-data to qualitatively assess whether the explanations make sense. As our first example, we computed the recommendation for the first user (uid=0) in the user list (See Table. 10). The top recommended movie is 'Batman' with genre tags 'Action', 'Adventure', 'Crime', and 'Drama'. The genres of the top explanations given by explainNE arguably have strongly overlapping genre tags (e.g. all top-5 are tagged with 'Action'). Moreover, the second-highest ranked explanation is 'Batman Forever'. As second example, we computed the recommendation for the first user (uid=1) in the user list (See Table. 11). The top recommended movie is 'The Devil's Own' As thrid example, we computed the recommendation for the first user (uid=1) in the user list (See Table. 12). The top recommended movie is 'The Replacement Killers' with genre tags 'Action' and 'Thriller'. The genres of the top explanations given by explainNE arguably have descent amount of overlapping genre tags. As fourth example, we computed the recommendation for the first user (uid=1) in the user list (See Table. 13). The top recommended movie is ' Murder at 1600' with genre tags 'Mystery' and 'Thriller'. The genres of the top explanations given by explainNE arguably have strongly overlapping genre tags.
As fifth example, we computed the recommendation for the first user (uid=1) in the user list (See Table. 14). The top recommended movie is 'Dumbo' with genre tags 'Animation', 'Childrens', and 'Musical'. The genres of the top explanations given by explainNE arguably have strongly overlapping genre tags (e.g. all top-4 are tagged with 'Childrens').
6. Quantitative study DBLP network. Here, we can construct ground truth explanations for existing links (as opposed to predicted ones). While this is not the intended use case of ExplaiNE, it is perfectly legitimate and justified here given our intention to objectively validate the quality of the explanations. Our approach is based on the intuition that a one-time co-author j of a given author i could have been introduced to that author i by another co-author k on the same paper, thus explaining the link {i, j}. While this will of course not always be true, we postulate that it is sufficiently common for ExplaiNE-providing it works well-to highlight the other co-authors as explanations for the observed link {i, j}.
Given an author i and a one-time co-author j of i, we used ExplaiNE to rank the other co-authors of i, from more to less explanatory. We then took the top-r of this ranked list as predicted co-authors on the paper i co-authored with j. Based on this, we created a confusion matrix. Clearly, the hardness of this prediction task is different for papers with different numbers of authors. Thus, in order to get a more aggregate assessment, we summed the top-r confusion matrices for all one-time co-authors of node i on papers with a given number of co-authors L, and this for different L between 3 and 5. For a given author-list length, the confusion matrices with different r were then used to create precision-recall curves or ROC curves. Figure 8 shows the PR and ROC curves for Eric P. Xing as node i and three author-list lengths. For comparison, also PR and ROC curves computed based on a randomly ranked list is shown (as the size of the data is rather small, these are not always close to the diagonal). Figure 9 shows the ROC curves for Kamalika Chaudhuri as node i and three author-list lengths. Figure 10 shows the PR and ROC curves for Ruslan Salakhutdinov as node i and three author-list lengths. Figure 11 shows the PR and ROC curves for Yann LeCun as node i and three author-list lengths. Figure 12 shows the PR and ROC curves for Michael I. Jordan as node i and three author-list lengths.
MovieLens network. A good explanation k of a predicted link between a movie-user pair {i, j} should arguably have a similar list of genres as j. To test this, we computed the top-5 explanations for user i and her top recommended movie j. Then we averaged the Jaccard similarity between the set of genres for movie j and the set of genres of each of the 5 explanations. To assess the significance of this average, we computed an empirical p-value for it by randomly sampling 50 sets of 5 'explanations' drawn from the watched movies of i, resulting in 50 random average Jaccard similarities to compare with the one obtained by ExplaiNE. Thus we obtained an empirical p-value for each user i, indicating the significance of the overlap between the set of genres of the recommended movie j and the top-5 explanations. We also computed the empirical p-values by randomly sampling 50 sets of 5 'explanations' drawn from the all movies for each i. A histogram of these p-values is shown in Fig. 13a ,b. While p-values are uniformly distributed under the null hypothesis that the explanations have genres unrelated to those of j, here this is not the case-indicating the null hypothesis is false. In both settings, a Kolmogorov-Smirnoff test indeed shows an extremely high significance (p-value numerically 0). 
